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PERIODIC AND CONDITIONALLY PERIODIC SOLUTIONS IN THE EROBLEM
OF MOTION OF A HEAVY SOLID ABOUT A FIXED POINT

Iu.V. BARKIN

Several sets of periodic and conditionally periodic solutions of the problem of
motion of a solid about a fixed point in a homogeneous gravitational field are in-
vestigated. The theory of periodic solutions of Poincaré for Hamiltonian systems of
standard form are used for proving the existence of such solutions, for analyzing
stability and deriving basic terms of their representative series. The distribution
of mass in the body is assumed to be close to axisymmetric and the fixed point to
be near the center of mass.

The existence of periodic solutions in the problem of motion of a solid with a fixed
point proved in /1/, where the Poincar€ method was used for obtaining two sets of periodic
solutions, generated by the respective Euler's periodic solutions, for axisymmetric and non-
symmetric solids. Existence of similar solutions was earlier indicated by the authors of /2/.

1. Consider the motion of a solid body about a fixed point O in a homogeneous gravitat-
ional field., Let Ozyz be a fixed coordinate system with origin at the body fixed point 0
and axis Oz directed vertially upward, OFnl be a system of coordinates whose axes coincide
with the body principal axes of inertia about 0. We introduce two intermediate planes Qs
and Q, passing through the fixed point, the first orthogonal to vector G of the rotary motion
moment of momentum and the second orthogonal to segment OC joining the fixed point and the
body center of mass C.

The position of the body center of mass is determined in its "proper" coordinate axes by
the constant coordinates r, @, 4, where A is the angle between axis O} and the line of inter-
section of planes .0y and @,, @ is the angle between the line OC and the axis of inertia O,
and r is the length of OC.

We define the body rotary motion about the fixed point by the canonical Andoyer variables
L,G,H,1l,g,h /2/, in which the kinetic energy T and the force function of the problem are of
the form

Gt—I2(cos*l |, sin?l 2
r=— ( 7t y+zc

U = mrRn?l(c sin A — § cos M) sin ¢ + y cos ¢l

where A, B, C are the body principal moments of inertia, n is a constant coefficient equal to
the angular velocity of motion on a circular orbit of radius R (close to the planet surface),
r? = fmy/R% f is the gravitational constant, m, and m are, respectively, masses of the planet
and of the solid body, R is the radius of the planet generating the gravity field, and «, B,y
are directional cosines of the gravity force vector in the moving axes Ofni

o = sin p (cos ! sin g + sin ! cos g cos B) + cos p sin I sin 6

p = —sin p (sin I sin g — cos [ cos g cos 6) + cos p cos ! sin 6
vy = —sin p sin 0 cos g -+ cos 6 cos p

(cos 8 = L/G, cosp = HIG)

where 0 is the angle between the body axis of inertia Of and vector G,p is the angle between
the fixed (vertical) axis Oz and vector G.
We pass, for convenience, to new canonical variables in conformity with one of the form-—

ulas
L'= Ao ’ G'= Aw, H'= Ao, =1, g=g

i i

I 4 F
W=h t=ot F=—gg
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where 1 is the new independent variable, and F’ is the transformed Hamiltonian. In the first
cage ; =, and in the second ©, = ng(‘”, where n,® is the unperturbed angular velocity of
rotation of the body m® = G/4 (G, is the respective moment of momentum}.

Omitting for simplicity the primes at new variables, we represent the equations or rotary
motion in the form

aL __ oF a6 __ oF dH ¥ ,
e TR R e P R 1 {1.1)
a_ _oF dg _ 8F dh _ 9F

dv oL * Tdv 84 Tdv  OH

e prg ., 4, A,
F= =3 (sxnz+?cos l)~«——-—2CL+U

U=p;l{osinh — fecosA)sing +7yeosgl, i =1, 2

where either Wy = mrR/4 or p, = n®mrR/nWA. Obvicusly 0O<Cm<€1 if the fixed point O is
fairly close to the body center of mass, and 0<p, <€ 1 provided that the angular velocity of
rotation of the body is high in comparison with the angular velocity 7 (with mrR/4~1).

We introduce in the investigation the small parameter defined by p = max {u;, |4 — 8} A}
on the supplementary assumption that density distribution in the body is close to axisymmetric
and the parameters p; and|A — B |/ A are of the same order. Let R = = {g— 1}6~, where

g=A/B and 8 is a dimensionless parameter of order unity.

As the result, the Hamiltonian is reduce to the standard form

F=Fy(L, G + uF:1(L,G H, I g {1.2)
Fy = —G?2 — L2 (4/C — 1)/2
F1=fo,0 + fo1c08 g -+ faacos 3L 4 f1,5cos (I = A) -+

fracos (I 4 g~ M) = ji,acos (I — g = })

where the coefficients [y are defined by the sequence of formulas

fo = —4/,0G*sin?6 - cosqcospcosB, f,1 = —cos@sinpsind (1.3)
foo = —4,0G%sin%B, [y, = —singcospsing
fip = —Yysingsinp (1 - cos8), f1 4 = —Y,sinpsing (—1 <+ cos §)

The general solution of Egs.{(l.1l)—(1.3) is defined by the initial values L,, G, Hg Ly, &,
ko and the constant parameters x = A/C, 8, ¢, A, p.

2. The next problem is to be establish the existence of periodic solutions of Egs.(1.1)
and to study these at small values of parameter p.
When p = 0, the equations have a set of periodic solutions of period T

L =Ly G=0Gy H= H (2.1)
=" 4+ L, g=nm" g, h=21"
2@ = (0 — DLy, 1m0 = Gy Gy = {n — DLNJ/N,

Ning® = Non®, T = 20N ,/n,® = 2nN,/m® (2.2)

where N; and N, are integers (commensurability indicators), L,, H,, ly, & h, are arbitrary con-
stants of integration, and G, is determined by the commensurability conditicn (2.2).

Solution {2.1), (2.2) implies that the dynamic symmetry axis O] of the body describes a
cose of constant apex half-angle 0,(cos, = L,/ G,) relative to the unperturbed moment of mom-
entum vector Gy whose orientation in space is constant. Simultaneously the body uniformly
rotates about its axis of symmetry at the angular velocity m®. For every N, revolutions
about the axis of inertia Of the body axis of symmetry describes the conical surface Ny
times.

For small values of parameter M Egs.(l.l) also admit periodic solutions of period I, but
only in the case of those generating solutions of (2.1) that satisfy the group of conditions

/3/ Nlnlw) == 1"2”2@) (2.3)
A (Fo) 5= 0, Ay ([F4)) 550 (2.4)
d [Fli/dgo = d [Fﬂ/d[fo =0 (2.5)

T

(Fr] =\ Fi(Lo, Go, Ho, loy g0, 7)dT
&
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where [F;] is function F,averaged over period T, A;, are Hessians of functions Fyand F,
with respect to respective variables L,G and g, H, calculated for the generating values of
variables, i.e. for p =4{.

The condition of commensurability (2.3) determines the generating angle 6 = §, depending
on the dynamic parameter x = A/C and the type of commensurability cos 8y == N,/(¥;(x — 1)) (Fig.
1).

Calculation shows that A, (Fg) = x — 1, which means that the first of conditions of exist-
ence (2.4) is satisfied for any generating solutions (2.1), (2.2).

If the commensurability indicator satisfies the inequality |N:i| + [N, ] >3, then [F]
fo,0 (Lgy Gy) and the second condition of existence in (2.4) is violated for the respective
periodic solutions. In connection with this it is interesting to investigate periodic solu-
tions to which correspond the commensurability indicators Ni=N,=1or N;=—Ny=1.

In the case of commensurability N;= N, =1 we have

1#3] =f‘(7?<)) + 1?11 cos {ly — g -+ 4)
f&y = —1/,6G,25in®0, + cos p cos p, cos 8,
() = —1; sin p, sin @ (—1 -+ cos ;)

where the index (0) denotes the generating value of the respective variable.

[ ]
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The first of Egs.{2.5) has the following solutions:
1) po=0,7,2) 08, =0,3) p=0,1, 4, — g5 -+ 4 = 0,7,
and the second equation reduces to the form
€08 @ 5D Py €08 B, -~ 2/, c05 pysin o (—1 4-cos,)cos{l, — g4 + A)=0

The analysis of condition A, 0 shows that it is violated by solutions 1)—3).

Hence
the generating periodic solutions are determined by formulas

1y — go + A = 0,7, cos psinp,cos 8, + /,c08p,sinp (— 1+ cosBy)e == 0 (2.6)

e =cos(ly — g + &) = 1
for which

i 058G —1)e [
A,:W[compcospocoseo —I——%—sinp‘,sinq)(cosﬂo—’l)a]:#()

except for ¢ =0,7/2,n, 6 = 0,7/2 (p, = 0, n/2, 7).

Theorem l. The equations of motion (1.1)— (1.3) of a heavy solid have, for fairly small
values of parameter p(0<p < p<€1), a set of periodic solutions which are generated from
solutions (2.1) of unperturbed equations for eos 8 = (x — 1)~} tgpo = tg @ (¥ — 2)e/2, Iy — go + 4 =
O, (8,50, 7/2; @ 5=0,a/2, n), arbitrary initial conditions Go, L, go, and parameters % > 2,
0 o<mn, 0<CA2m, 8, 0l p L1,
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3. The equations of motion of a solid have two first integrals F = ¢; = const and H = ¢y =
const, because of this the four characteristic indices of the obtained periodic solutions are
zero /3/. The two other characteristic indices can be formally represented in the form of
series (¥ = al(iﬁ)]/g_% %(x,%M + ..., whose basic coefficients are calculated using the method

/3/

(1) = - {1/, xsin p, sin ¢ (cos 8, — 1)e]*/

Thus the necessary conditions of stability are satisfied by solutions (2.6) when & =1,
The respective generating periodic solutions are determined by formulas

cos By =1/ {% — 1)(x > 2, tgp, =tgol{ix — 2}/2, i — g+ 2 =0 (3.1}
Curves of p, (9, ®) corresponding to solution (3.1) are shown in Fig.2 by solid lines.

4. The periodic solutions of Egs.(l1.1)— (1.3) close to the generating solution (3,1) are
represented by infinite series in powers of the small parameter

L;‘:Lo"f—le“}‘ P.ZLZ e (4.1)
G = Go + 4Gy + piG, + ...
= hg + phy + ulhy - ...
where L, Gg. .., he{(s ==1,2,....) are periodic functions of 7, which are to be determined. When
u =0, solution (4.1) becomes the respective generating periodic solution.
We present below the formulas for solution (4.1) accurate to p

L = Ly + p {L O -+ Ly cos (v + I, + A R E®eos2 (T L) + Ly cos (21 + &+ g -+ A} (4.2)
=14 L+ p{l®sin(t+ L+ 1)+ h¥sin2 (v + L)+ LB sin (v + go) + ¥ sin (v + I, ++ go + M)}
G = Gp + p {G® + G cos (t+ go) + G cos (2t + L + go + M)}
g=1+ g + p{ga®sin(t+bh + 1) + a®sin2 (v + I) + 2P sin (v + go) + g1 sin (21 -+ Iy + g0 - M}

H = H, 5 p {H{"} (4.3)
Bo=hy+ p {FOsin(x+ L + A + 2B sin (v go) + M@ sin (2 + Iy + g+ A}
Coefficients L, G, ..., k¥ are determined using the seguence of formulas
; (4.4)
L0 = (x— 17 {5-Gocosto o], G0 = — - Go -+ cos Oua
1 1 . . \

o=z (cos @ €08 P — —5~ §in Po sin rp)
LV = —singcospsin®y, L= — JZ—- Gy sin® 6y,
GV == —cos @ sin pysinb,
GO =L;®==7/sin@gsinp, {1+ cos8y)
L0 =— GLD ctg By sin @ cos pg — (% — 1) #in ¢ cos pg sin By,
5L® = — %- ctg 0 cos @ sin pg

[
1@ = —i— Gocos B — ~Z— (. — 1) Ge®sin®ty,

2 sinosi AP @
W9 = 4q, sinesing, + HGy
__ singcosp, cos 20, _ O,
g == - T g1® =~
< . a .

21® == — G_o'ﬁr%pETrTé (c0s? pg sin? By + c0s? g sin?pe) -+ Gy
g = — S‘f:.cp fotg oy cos po {1 + cosBy) — cos Bgsinpg] +- -%-— G,®

rg =

L@ F] .
By ==—22 | B® = ——clgpycospycos@sin by
1 Ca [P

hy® = — 4—§— cbg po cos pgsin @ (1 4 cos Bg)

o]

The expression for Hy® is not adduced owing to its unwieldiness.
Note that the coefficients in (4.4) are calculated for generating values of Gyy B4r 065 Los Bos

determined by formulas (3.1).
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Let us list some of the properties of periodic solutions, viz:
1) the initial conditions of these solutions are approximately defined by formulas

L=L0+}LL1(°)+..., G=Go+pG1(°)-{—...,
2) projection of the moment of momentum vector on the 0Oz axis is constant and is H, +
pwH® + ... = const for each periodic solution of (4.2)— (4.4);

3) the moment of momentum vector G performs periodic oscillations of small amplitude
close to its initial position in space;

4) small amplitude periodic oscillations determined by formulas (4.4) are superposed on
the regular precession motion of the body relative to vector G.

5. We now use the first integral H =c¢, to lower the order of Egs.(l.l) by two units,
reducing by this the problem to a two-stage one and the equations of motion to the form
dL __ oF . oF dG _ 8F  dg __ 9F
v e &t 3L Tav T eg 0 o a0 (5.1)
The Hamiltonian F is determined using the same (1.2) and (1.3) formulas in which it is
sufficient to set cosp = ¢/G, i.e. F = Fy(L,G) + uFi(L, G, I, g). Having obtained any solutionof
Egs. (5.1), we calculate variables H and h by formulas

' oF
H=oc, h——ho=—SWdr (ho = h (T0)) (5.2)
Te
Existence of Poincaré periodic solutions for Egs.(5.l) was investigated in /1/.
Equations (5.1) have a set of periodic solutions which for u =0 become the following
generating solutions:

L = Lo, G = Go, l= nl(")‘c + b, g = n2(°)'r + g (5.3)
m® =1 =(x— DLy =Gy, lo—g+A=0,m, cos =(x—1)"1(x>2)

which is periodic of period T = 2n/G, and corresponds to the case of commensurability m©® =
n,® (similar solutions obtain in the case of commensurability m® = —n,").

In the generating solution the following are selected arbitrarily: Go, the magnitude of
vector G which determines the period of periodic solution; g,,the angular distance between
the planes Ozy and OEn on the intermediate plane; and the constant parameter % >2. Solu-
tions to which correspond the following values ¢, =0, ¢ =0, n/2, n, 6, =0 are to be excluded
from solutions (5.3).

Principal terms of series representing periodic solutions are defined by formulas (4.2)
and (4.4) in which 0, @, Go, %, 8, are generally arbitrary.

The necessary conditions of stability are satisfied by those of periodic solutions for
which cosOp = (% — 1)1, Iy —go+h=0.

Generally conditionally periodic solutions of the input equations (4.1) correspond to
periodic solutions of the reduced system of Egs.(5.1).

Indeed, by calculating the quadrature in (5.2) using L, G, !, g defined by formulas (4.2)

and (4.4) we obtain
1— by = pAT 4 p (™ + 1) sin (v + gg) + 1D sin 2 (v + go)}

where #»®, 1,®, 1® are constant coefficients determined by formulas (4.4) with the generating
values of variables g, 0, and arbitrary angular velocity pe ¢ pAn of the "secular" variation
of the position of the moment of momentum vector G

A = Gy~ cosec p, [cos @ cos 8y + 1y sin ¢ ctg py (1 -+ cos O,) ]

Thus in the case of the considered here solutions vector G describes during time T} =
2n/(wAn) a cone with the apex half-angle p about a vertical line. At the same time oscilla-
tions of small amplitude of order p are superposed on the slow uniform rotation of vector G.
In the coordinate system attached to vector G a body which is close to a dynamically axisym-
metric performs periodic rotary motions of period T = 2n/m®. In the particular case, when
A =0, vector G performs only periodic oscillations of small amplitude about its initial posi-
tion. Then pPois determined using formula (2.6) and the conditionally periodic solution be-
comes the periodic solution (4.2)— (4.4).

Theorem 2. With fairly small values of parameter u the equations of motion of aheavy
solid about a fixed point admit a 9-parameter set of conditionally periodic solutions for
which the initial conditions G,, g P he and the problem parameters x >2, 0 <l ¢ < n(p 7 n/2),
0<AC 2, 6, 0 Cpe 1. are aribtrarily selected.



396 Iu.V. Barkin

Note that the obtained here solutions are of a very general character, since they contain
9 arbitrary parameters. For comparison we present the respective arbitrary initial conditions
and dimensionless constants in known solutions of this problem.

The Euler solution: 8 parameters G, 8,, py, L, o, %o, %, ¢, cOnstraint r= .

The Lagrange solution: 9 parameters Gy, 0y, po. o, &, %0, %, 7, A, cOnstraints on parameters g = i,
p=20,n.

The Kovalevska solution: 8 parameters G, 6, 0o, L, g0, 29, 7y A, COnstraints on parameters x == 2,
g=1, o=m/2.

The Hesse — Appelroth solution: 8 parameters G, gy, L, &0, ko, #, ¢. 7, CONStraints on initial con-
ditions and parameters

0, si — T"—'I L2 3 qg—1

tgBpsinly = - 7=1¢ A=—i 5, tgfpzi—] = gg =1

6. Using the energy integral F = ¢, we lower the order of Egs.(5.l) by two units and
reduce them to the form of Whittaker equations. For this we apply to equation

FO(L1G)+HF1(L1G7lvg)—01:O

the theorem on implicit function and solve it for the variable G. We obtain

=0p=0 @ 2D =[— 2¢;-— (% — 1) L2} =0 = F, (1 e
G =@ =@ + pd; + p2@, + ..., Gy=[—2c,-—(x—1) L3>, @, o © FI(M o T
This enables us to write the equations of motion of a solid in the form
aL_ o a 9P (6.1)
dg 7l dg oL

© = By (L) + w1 (L, 1, 8) + WD, (L L g) - -

where @ is the new Hamiltonian representable in the form of infinite series in powers of para-
meter p, and convergent for fairly small values of that parameter O <{p <{po<<l1.

If one succeeds in obtaining some solution of Egs.(6.1), a solution of the input differ-
ential equations (1.1) defined in quadratures

H=¢, G=0(L,1g) (6.2)
£ T
C dg aF o
S—m.—ro—r, Sa—H—dt_ho h (6.3)
8o To
where g,, k, are values of variables g and % when T = 1,, corresponds to that solution.
When p =0 Egs.(6.1) have periodic solutions
L=1L, l=1=n0+1ly, n® = d0,/0Ly = (% — 1)Lo/Pp = m®/n,® = Ny Ny (6.4)

where n® is a rational number.
We seek periodic solutions of Egs.(6.1) close to solutions (6.4) in the formof power ser-
ies
L=1Ly+ply +p2Ly,+ ..., =04+ puh+pl+... (6.5)

where L, I, are periodic functions of variable g.
In the case of commensurability N; = N, =1, considered above for the input differential

equations, the conditions of existence of series (6.5) are of the simple form

FDYILE 0, 8 [D11/8l, = 0, 3 [®)/dlg? 5 0

[@1] = —Gy 1 [fg,0 (Lg) + f1,-1 (L) cos (I -+ A)]

Fo.o = Y40G,%sin® B, — cos @ cos p, cos By,

f1,-1 = Yysin py sin @ (—1 - cos ;)

Go = [—2c; — (% — 1)Lz, cospy = €/Gy, cosB, = LG,

where [, represents function ®; = @, (L,, l, g). averaged over the period T = 2m.
Thus solutions of Egs. (6.1) periodic in g exist when parameter p is reasonably small and
Ly = £2c/(x (4 — 2], I, + A =0,n, if only py==0,7; ¢ 5% 0, 75 6 5% 0.

The solutions of input equations (l1.1l) correspond to the obtained here periodic solutions.
Without attempting to derive these solutions, we shall point out their characteristic singular-—
ities.

The first of Egs.(6.3) enables us to determine function g(1). We denote by # = —[aF/0G,}
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the constant constituent a8F/0G of functions in relation to variable g, and transform this
equation to the form of Lagrange egquation

g =0+ p(g W . - (6.6}
C=A(t ), fim— et — p 20

where [F,] means the averaging of function Fy with respect to variable g.

The solution of Eq.(6.6) is represented by a Lagrange series. Conseguently, the remaind-
er g — o is a periodic function of variable T of period T = 2n/A which differs from the per-
iod of the respective generating solution I = 2a/n. This shows that the variables L, I, G, g
are in conformity with formulas (6.2) and (6.3) also periodic functions of T of period 7,
Thus the periods of the generating and respective periodic solutions differ by a gquantity of
order WM. In celestial mechanics similar solutions are called periodic solutions of the
Schwarzschild type.

Finally, the second quadrature in (6.3) determines the variable h(t) as a conditionally
periodic function of the form k{t) = pAt + ¥ {z), where pAn is the angular precession velocity
of vector G, and ¥(v) is a periodic function of T of period 7T,

We note in conclusion that similar classes of solutions can be obtained and investigated
by the same method in the case of a solid with a dynamically arbitrary structure on the assump-
tion that p= (/"< 1. For this it is sufficient to use equations of motion in terms of
variables "action— angle"” introduced on the basis of the Euler—Poinsot problem. New sets of
periodic and conditionally periodic solutions and, moreover, be readily established by using
the method of Poincaré and of equations of rotary motion of a solid, expressed in terms of
the "action—angle” variables that are to be obtained on the basis of problems of solid body
dynamics with the Lagrange and Kovalevska solutions.
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